A graph G is perfect matching transitive, shortly PM-transitive, if for any two perfect matchings M and N of G, there is an automorphism f :
Introduction
An automorphism of a graph is a form of symmetry in which the graph is mapped onto itself while preserving the edge-vertex connectivity. Formally, an automorphism of a graph G = (V (G), E(G)) is a permutation f of the vertex set V (G), such that the pair of vertices uv is an edge of G if and only if f (u)f (v) is also an edge of G. That is, it is a graph isomorphism from G to itself. Every graph automorphism f induces a map f e : E(G) → E(G) such that f e (uv) = f (u)f (v). For any vertex set X ⊆ V (G) and edge set M ⊆ E(G), denote f (X) = {f (v) : v ∈ X} and
PM-Transitive Graphs
In this section, we characterize some PM-transitive graphs.
Theorem 2.1. Every even cycle G = C 2n with n ≥ 2 is PM-transitive.
Proof. Let C 2n = u 1 u 2 · · · u 2n u 1 with n ≥ 2. Note that C 2n has exactly two perfect matchings, denoted by M = {u 1 u 2 , u 3 u 4 , · · · , u 2n−1 u 2n } and N = {u 2 u 3 , u 4 u 5 , · · · , u 2n u 1 }, respectively. Define f : V (G) → V (G) such that f (u i ) = u i+1 . Since for any edge u i u i+1 ∈ E(C 2n ), f (u i u i+1 ) = f (u i )f (u i+1 ) = u i+1 u i+2 ∈ E(C 2n ), f is an automorphism of C 2n . By the definition of M , N and f , f e (M ) = N follows and G is PM-transitive. Theorem 2.2. Every even complete graph G = K 2n with n ≥ 2 is PM-transitive.
Proof. Let M and N be two perfect matchings of G. Let M N denote the symmetric difference of M and N , and also the graph induced by M N . Since every vertex of G is incident with exactly one edge in M and exactly one edge in N , M N is a disjoint union of even cycles.
Theorem 2.3. Every complete bipartite graph G = K n,n is PM-transitive.
Proof. Let M and N be two perfect matchings of G. Then M N is a disjoint union of even cycles. Define f such that f (u) = u if u ∈ V (M ∩ N ), and f (u 1 ) = u 1 and f (u i ) = u 2s+2−i for 2 ≤ i ≤ 2s, where
If uv ∈ M \ N , then uv is an edge of some even cycle of M N . Without loss of generality,
Therefore, f e (M ) = N follows and G is PM-transitive. 
is an even cycle or unions of even cycles. Since the Petersen graph does not have 2-cycles, 4-cycles, or 6-cycles, |M ∩ N | = 4, 3, 2.
Without loss of generality, we assume that
Proof. We prove this result by induction. When n=2, G has four different perfect matchings. Denote them by
To prove that G is perfect matching transitive, it suffices to prove that for M ∈ {M 2 , M 3 , M 4 }, there is an automorphism f of G such that f e (M ) = M 1 . Furthermore, we can restrict that v 0 and u 0 are fixed under f .
If
is an automorphism such that f 4 (M 4 ) = M 1 , and v 0 and u 0 are fixed under f 4 . Now assume the result is true for n = m ≥ 2. That is, for any two different perfect matchings M and N of G, there is an automorphism f of G such that f e (M ) = N , and v 0 and u 0 are fixed under f .
We want to prove the result is true for n = m + 1. Let M and N be two perfect matchings of G. Without loss of generality, assume that u 0 u 1 ∈ M . 
Proof. Since u i v i is not contained in any perfect matching of G, where i = 1, 2, · · · , n, following exactly the same argument to the proof of Theorem 4, we can prove that G is PM-transitive.
Theorem 2.7. Let G be the graph obtained from K n+1,n+1 by removing one edge u 0 v 0 . Then G is PM-transitive.
Proof. We prove this result by induction. Let (X, Y ) be the bipartition of K n+1,n+1 and let X = {u 0 , u 1 , u 2 , · · · , u n } and Y = {v 0 , v 1 , v 2 , · · · , v n }. When n=2, by Theorem 2.5, G is PM-transitive and furthermore, for any two different perfect matchings M and N of G, there is an automorphism f of G such that f e (M )
We want to prove the result is true for n = m + 1. Let M and N be two perfect matchings of G. Without loss of generality, assume that u 0 u 1 , v 0 v 1 ∈ M .
Then f is an automorphism of G such that f (M ) = N and, v 0 and u 0 are fixed under f .
Without loss of generality, we can assume that v 0 u i ∈ N and u 0 v j ∈ N . Define f 1 : Proof. Let M and N be two perfect matchings of G. Without loss of generality, assume that 
A wheel W n is the graph obtained from a n-cycle by adding a new vertex and joining the new vertex to every vertex of the cycle. 
Proof. Let M and N be two perfect matchings of G.
Properties of PM-Transitive Graphs
In this section, we generate new PM-transitive graphs from existing PM-transitive graphs. 
Theorem 3.2. Let G 1 and G 2 be two PM-transitive graphs and H be a path of odd length. Suppose that G is the graph obtained from G 1 , G 2 and H by connecting one end vertex of H with every vertex of G 1 and the other end vertex of H with every vertex of G 2 . Then G is PM-transitive.
We can easily extend the graph automorphism f of G to a graph automorphism f of G such that f (M ) = N . Corollary 3.1. Let G 1 be a perfect matching transitive graph and H be a path of odd length. Suppose that G is the graph obtained from G 1 and H by connecting an end vertex of H with every vertex of G. Then G is PM-transitive.
Corollary 3.2. Let W 2n 1 +1 , W 2n 2 +2 , · · · W 2n k +1 be k wheels and v 1 , v 2 , · · · , v k be the centers of the wheels, respectively. Let G be the graph obtained from
with an odd path, where i = 1, 2, · · · , k and the addition is modular k. Then G is PM-transitive.
Non PM-Transitive Graphs
In this section, we characterize some non-perfect matching transitive graphs. The generalized Petersen graph GP (n, k) for n ≥ 3 and 1 ≤ k ≤ (n − 1)/2 is a graph consisting of an inner star polygon {n, k} (or circular graph) and an outer regular polygon {n} (or cycle graph C n ) with corresponding vertices in the inner and outer polygons connected with edges. Proof. Let G be a generalized graph GP (n, k), where k = 2 or n ≡ 5 (mod 6). By Theorem 4.2, G is Hamiltonian. Let C be a hamiltonian cycle of G and M = G − C. Since G is a 3-regular graph, M is a perfect matching of G. Let N denote the perfect matching consisting of all the edges between the inner star polygon and the outer regular graph of GP (n, k). Note that G − M is a Hamiltonian cycle and G − N is the disjoint union of cycles. Therefore, there is no graph automorphism f of G such that f (M ) = N .
Let G be a generalized graph GP (n, k), where k = 2 and n ≡ 5 (mod 6) and n = 5. In this case, the inner star polygon is an n-cycle. Coming the above discussion and Theorem 2.4 , the result follows.
Further Discussion
In this section, we give some examples which are PM-transitive, vertex-transitive, or edgetransitive.
Theorem 5.1. The generalized Petersen graph P G(n, 1) ∼ = C n × K 2 , where n = 3 or n ≥ 5, is vertex-transitive, but not edge-transitive or PM-transitive. 
